In recent years, guided wave propagation in piezoelectric-piezomagnetic composite (PPC) structures are paid much attention for the design and optimization of PPC transducers. Previous investigations are mainly limited in horizontally infinite flat plates, axially infinite hollow cylinders, and so on. They are all one-dimensional model structures, i.e. structures having variable displacement field in only one direction, and the other two displacement fields are both constant. In this paper, a double orthogonal polynomial series approach is proposed to solve the guided wave in two-dimensional model structures, namely, a functionally graded piezoelectric-piezomagnetic (FGPP) bar with a rectangular cross section. The validity of the double polynomial approach is illustrated by the comparison with the available reference results for a pure elastic homogeneous rectangular bar. The guided wave characteristics, including dispersion curves and mechanical displacement distributions, are discussed by calculating various FGPP rectangular bars.
Introduction
In recent years, with the increasing usage in sensors, actuators, and storage devices [1] [2] [3] , piezoelectricpiezomagnetic composites (PPCs) have received considerable research effort. Wave propagation in various PPC also attracted many researchers for the purpose of design and optimization of PPC transducers.
The effectively axial shear wave velocity and attenuation factor of PPCs were obtained by Chen and Shen [4] . By using "bar model", Wei and Su [5] studied the axisymmetric flexural wave in piezoelectric-piezomagnetic cylinders. Chen and Chen [6] investigated the Love wave behavior in magneto-electro-elastic multilayered structures by the propagation matrix method. Resorting to the propagator matrix and state-vector (or state space) approaches, Chen et al. [7] presented the propagation of harmonic waves in magneto-electro-elastic multilayered plates. Yu et al. [8] investigated the guided wave in inhomogeneous magneto-electro-elastic hollow cylinders and spherical curved plates [9] by virtue of the Legendre orthogonal polynomial series expansion approach.
Some special wave problems in PPC structures also attracted attention. Wave propagation band gaps in piezoelectric-piezomagnetic periodically layered structures are investigated [10] [11] [12] . The penetration depth of the Bleustein-Gulyaev waves in a functionally graded magnetoelectro-elastic half-space is discussed by Li et al. [13] . SH waves propagating in piezoelectric-piezomagnetic layered structures with imperfect interfaces are investigated by Sun et al. [14] and Nie et al. [15] . The reflection and transmission of plane waves at an imperfectly bonded interface between piezoelectric-piezomagnetic media are discussed by Pang and Liu [16] . Xue et al. [17] investigated the solitary waves in a magneto-electro-elastic circular bar by virtue of the Jacobi elliptic function expansion method. By using Legendre and Laguerre polynomial approach, Matar et al. [18] modeled the wave propagation in layered magneto-electro-elastic media. The influences of the gradient factor on the longitudinal wave along a functionally graded magneto-electro-elastic bar are discussed by Xue and Pan [19] . The influences of initial stresses on Rayleigh wave in a magneto-electro-elastic half-space are studied by Zhang et al. [20] .
As can be seen from the previously mentioned simple review, wave motions in many magneto-electro-elastic structures have been studied. However, these structures are all semi-infinite structures and one-dimensional (1-D) model structures, i.e. structures having variable displacement field in only one direction, and the other two displacement fields are both constant, such as horizontally infinite flat plates and axially infinite hollow cylinders. In practical applications, many sensitive elements have very limited finite dimension in two directions. Onedimensional models are not suitable for these structures. This paper proposes a double orthogonal polynomial series approach to solve wave propagation in a twodimensional (2-D) model structure: functionally graded piezoelectric-piezomagnetic (FGPP) bar with rectangular cross section. The dispersion curves and the mechanical displacement profiles of various FGPP rectangular bars are presented and discussed. In this paper, the open circuit is assumed.
Mathematics and formulation of the problem
We consider an orthotropic magneto-electro-elastic rectangular bar, which is infinite in wave propagating direction and is polarized in z direction. Its width is d and its height is h, as shown in Figure 1 . The origin of the Cartesian coordinate system is located at a corner of the rectangular cross section, and the bar lies in the positive y-z region, where the cross section is defined by the region 0 ≤ z ≤ h and 0 ≤ y ≤ d. For the wave propagation problem considered in this paper, body forces and electric charges are assumed to be zero. Thus, the dynamic equations for the rectangular bar are governed by 
where T ij , u i , D i , and B i are the stress, elastic displacement, electric displacement, and magnetic induction components, respectively, and ρ is the density of the material. In this paper, electric and magnetic fields are assumed conservative. The relationships between the general strain and the general displacement components can be expressed as 
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where ε ij , E i , and H i are the strain, electric field, and magnetic field, respectively, and φ and Ψ are the electric potential and magnetic potential components, respectively. We introduce the function I(y, z) as follows:
where π(y) and π(z) are rectangular window functions 
where C ij , e ij , and q ij are the elastic, piezoelectric, and piezomagnetic coefficients, respectively, and ∈ ij , g ij , and μ ij are the dielectric, magnetoelectric, and magnetic permeability coefficients, respectively. For the FGPP bar of material properties varying in the z-direction (we call it z-directional FGPP bar; the undermentioned FGPP bars are all z-directional FGPP bars unless otherwise specified), the elastic parameters of the bar are functions of z, which can be expressed as
With implicit summation over repeated indices, C ij (z) can be written compactly as
Similarly, the other material coefficients can be represented by
For the FGPP bar of material properties varying in the y-direction (we call it y-directional FGPP bar), the material parameters of the bar are functions of y, which can be expressed as
For plane time-harmonic wave propagating in the x-direction of a rectangular bar, we assume the displacement, electric potential, and magnetic potential components having the following form:
where U(y, z), V(y, z), and W(y, z) represent the mechanical displacement amplitudes in the x-, y-, and z-directions, respectively, and X(y, z) and Y(y, z) represent the amplitudes of electric potential and magnetic potential. k is the magnitude of the wave vector in the propagation direction, and ω is the angular frequency. Substituting Equations (2)- (5) or (6), and (7) into Equation (1), the governing differential equations in terms of displacement, electric potential, and magnetic potential components can be obtained. Here, the case that the material gradient direction and the polarizing direction are the same is given as follows: ( / ) , -, ( / ) ( 
with P m and P j being the mth and the jth Legendre polynomials. Theoretically, m and j run from 0 to ∞. However, in practice, the summation over the polynomials in Equation (9) can be truncated at some finite values m = M and j = J, when the effects of higher order terms become negligible. Equation (8) is multiplied by Q n (z) with n running from 0 to M, and by Q p (y) with p from 0 to J, respectively. Then integrating over z from 0 to h and over y from 0 to d gives the following system of linear algebraic equations: M n, p, m, j are the elements of the nonsymmetric matrices A and M, which can be obtained by using Equation (8) . Equation (11e) can be written as follows: 1  51  ,  5 2  ,  53  ,  5 , , , ,
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Substituting Equation (12) into Equation (11d), 
Substituting Equations (13) and (14) into Equations (11a), (11b), and (11c), (13) and (14), determine the electric potential and magnetic potential distributions. By using the relation Vph = ω/k, the phase velocity can be obtained. The complex matrix Equation (15) can be solved numerically by making use of the standard computer programs for the diagonalization of non-symmetric square matrices. In total, 3(M+1) * (J+1) eigenmodes are generated from the orders M and J of the expansions. Acceptable solutions are those eigenmodes for which convergence is obtained as M and J are increased. The eigenvalues obtained are considered as converged solutions when a further increase in the matrix dimension does not result in a significant change in the eigenvalues.
Numerical results and discussion
The Voigt-type model is used in this study to calculate the effective parameters of the FGPP bar, which can be expressed as follows:
ular bar,
where V i (z) and C i denote the volume fraction of the ith material and the corresponding physical property of the ith material, respectively, and ∑V i (z) = 1. Thus, the properties of the FGPP can be expressed as follows:
for z-directional FGPP rectangular bar,
for y-directional FGPP rectangular bar, According to Equations (5) and (6), the gradient profile of the material volume fraction can be expressed as a power series expansion. The coefficients of the power series can be determined using the Mathematica function "Fit".
On the basis of the mathematical formulation as presented in Section 2, computer programs in terms of the double polynomial method have been written using the software Mathematica 5.0 (Wolfram Research) to calculate the dispersion curves and the mechanical displacement distributions for the FGPP rectangular bars.
Comparison with the available solution
Because no reference results for the guided waves in FGPP or FG rectangular rings can be found in literature, we consider a homogeneous square steel bar with C L = 5.85 km/s, C T = 3.23 km/s, and h = d = 5.08 mm to make a comparison with known results from the semi-analytical finite element method [22] . Here, C L and C T are the longitudinal and transversal wave velocities, respectively. Figure 2 shows the corresponding dispersion curves, where dotted lines are from Hayashi et al. [22] and solid lines are obtained from the present polynomial approach. As can be seen, the results from the double polynomial approach agree well with the reference data, which verify the correctness and the accuracy of the present method.
Dispersion curves in FGPP rectangular bars
In this section, we take the Ba 2 TiO 3 -CoFe 2 O 4 FGPP rectangular bars (the bottom surface is pure Ba 2 TiO 3 ) as examples to discuss the wave characteristics. Their corresponding material parameters are given in Table 1 . Figures 7 and 8 . This time, the displacements mostly distribute around the bottom and the top sides but few distribute around the middle of bar e. Thus, we can think the high-frequency wave displacements always distribute around the side with more Ba 2 TiO 3 . In the displacement figures, when the amplitudes around the corners are too high compared with the other positions, they are truncated. Thus, the displacement amplitudes seem to be plateaus around the corners. Otherwise, the amplitude variations of other positions cannot be shown clearly.
From Figures 7 and 8 , we can notice another phenomenon: the displacements of the sinusoidally FGPP bar are always symmetric or antisymmetric with respect to both y-and z-axes because the sinusoidally FGPP bar is symmetric both on geometry and on material distribution. By contrast, the material distribution of bar a is just symmetric with respect to y-axis. As can be seen in Figures 5 and 6 , the displacements of the linearly FGPP bar are always symmetric or antisymmetric with respect to y-axis but not to z-axis. For bar c, its polarization is identical to its gradient direction, whereas for bar d, its polarization is vertical to its gradient direction. By contrast, bars c and a just have different width-to-thickness ratios. Thus, we can think that the gradient variation and the width-to-thickness ratio have significant influences on the dispersion curves, but gradient direction just has a weak influence.
Displacement shapes
First, Figures 5 and 6 show the displacement shapes of the first and fourth modes for bar a. It can be seen that the displacements mostly distribute around the bottom side. Then 
Conclusions
In this paper, a double orthogonal polynomial series approach is proposed to solve the wave propagation analysis of a 2-D FGPP rectangular bar. The dispersion curves and the displacement distributions of various FGPP rectangular bars are presented and discussed. According to the numerical results, we can draw the following conclusions: a. Numerical comparison of the dispersion curves with reference solutions shows that the double orthogonal polynomial method is appropriate to solve the guided wave propagation problem in 2-D FGPP structures. b. Both the width-to-height ratio and the gradient function have significant influences on the guided wave characteristics, but gradient direction just has a weak influence. c. High-frequency waves propagate predominantly around the side with more materials having lower wave speed.
